Abstract. We prove boundedness of rationally-connected threefolds in P 6 under some extra-assumptions.
Introduction
Hartshorne and Lichtenbaum conjectured that rational surfaces in P 4 form a bounded family. This famous conjecture was proved in a more general setup by Ellingsrud and Peskine [EP89] . Since then, the higher-dimensional case has become the center of attention. Precisely, it is expected that there are finitely many components of the Hilbert scheme parameterizing smooth subvarieties X not of general type in P N of dimension dim(X) ≥ N/2 (since any variety X can be embedded in P 2dim(X)+1 the problem of boundedness only makes sense in this range). M. Schneider [Sch92] has given an affirmative answer, for dim(X) ≥ (N + 2)/2. Hence the remaining question is whether or not the same is true for N ∈ {2dim(X) − 1, 2dim(X)}. The case of threefolds in P 5 has been settled in [BOSS] , which brings us to the next non-trivial case of smooth threefolds X in P 6 , the object of this note. Recall that only finitely many components of the Hilbert scheme of smooth varieties can appear if the degree is bounded.
We prove:
Theorem 1.1. Let X be a smooth rationally connected threefold in P 6 not contained in any fourfold of degree ≤ 34 and denote by S a general hyperplane section. If K 2 S ≤ 9, then the degree of X is bounded by 34 3 .
The condition K 2 S ≤ 9 is realised if either X is covered by lines, or |K X + H| = ∅, where H denotes the hyperplane class, or S is not of general type, Corollary 5.1. The hypothesis on rational connectedness will be used only through its consequences on cohomology vanishing, i.e. h i (O X ) = 0 for i ≥ 1. Some other boundedness results in the same spirit have been obtained by Sabatino [Sa05] . Precisely, in loc. cit. it is assumed that the general hyperplane section of X is a ruled surface.
It follows directly from [IT94] that subcanonical varieties not of general type form a bounded family. Hence we are mainly concerned with the case of non-subcanonical subvarieties, although this hypothesis will not be used.
The main technical ingredients used in the proof are the following: the lifting theorem of Chiantini-Ciliberto [CC93] , the bounds on the genus of curves in P Chiantini-Ciliberto-di Gennaro [CCdG95] , the semi-positivity of Schur polynomials of Fulton-Lazarsfeld [FL93] , and the Hodge index formula for some divisors in X.
Notation, setup
The general setup is the following.
X ⊂ P 6 is a rationally connected smooth variety of dimension 3, H := O X (1) the hyperplane section bundle on X,
2 (X, Z) the class of K, N := N | X|P 6 the normal bundle of X, S ∈ |H| a general hyperplane section, H S := H| S the induced very ample bundle on S, C ∈ |H S | a general sectional curve,
, 2, 3} the Chern classes of the normal bundle,
, Corollary IV.3.8.
Identities
In this section we record a number of useful relations in connection with our setup. Proof. Apply h 2 (O X (−1)) = 0 (from Kodaira vanishing) and the vanishing of
Lemma 3.2. c 2 (S) = 2χ + u and K 2 S = 10χ − u. Proof. From the Gauss-Bonnet formula, we have c 2 (S) = χ top (S) = 2 − 2b 1 (S) + b 2 (S), from where, applying Lemma 3.1, we obtain c 2 (S) = 2 + b 2 (S) = 2χ + u.
For the second relation, apply Noether's formula on S.
Proof. From the Hirzebruch-Riemann-Roch formula, we have χ(O X ) = c 1 · c 2 /24, and from rational-connectedness we have χ(O X ) = 1.
Lemma 3.4. The Chern classes of N are the following:
Proof. We use the normal sequence
On the other hand, since c(T P 6 ) = (1 + ht) 7 , we obtain
This implies
Lemma 3.6.
Proof. This is the double-point formula [LMS75] .
Lemma 3.7. We have the following numerical relations:
Proof. For (1), by adjunction we have δ = (k + 2h) · h 2 , and hence h 2 · k = −2d + δ. For (2) we apply Lemma 3.2:
we use the definition of v. Note that c 1 (N (−1)) = 4h + k, from Lemma 3.4, and hence
The preceding formulae show that
For (4) remark that h · c 2 = c 2 (T X | S ). The exact sequence
For (5), apply Lemma 3.4, Lemma 3.6 and the relations above:
Inequalities
This section is devoted to some useful inequalities between the given invariants.
A Lifting Theorem. [CC93]
It is known [Ro37] that if the sectional curve C is contained in a hypersurface of degree s in P 4 , with s 2 < d, then both S and X are contained in hypersurfaces of degree s in P 5 , and P 6 respectively. We shall need a version of this result, which is a special case of Theorem 0.2 [CC93] . This result will be used together with the bounds of the genus of C, see below.
4.2. Bounds on the genus of C. We shall apply the main result of [CCdG95] in our setup; the general sectional curve C is non-degenerate. 
Proof. We easily show that c 1 (N (−1)) = n 1 − 3h, c 2 (N (−1)) = n 2 + 3h 2 − 2h · n 1 , c 3 (N (−1)) = n 3 − h 3 + h 2 · n 1 − h · n 2 . We apply next Lemma 3.4, 3.3, 3.6, 3.7.
4.4. Hodge-index Theorem.
Proposition 4.4. Let D be a smooth divisor on X. Then Proof. We prove that in each of the three cases, we have K 2 S ≤ 9. If S is not of general type, then the conclusion follows from the classification of surfaces (note that K 2 decreases when we blow up). If X is covered by lines, then |K X +H| is empty. Indeed, by [IR12] , it follows that for ℓ a general line in a covering family, the restriction Ω 1 X | ℓ ∼ = O(−2) ⊕ O(a) ⊕ O(b) with −1 ≤ a, b ≤ 0 (i.e. lines are free, standard). Hence K X · ℓ ≤ −2 and, since H · ℓ = 1, (K X + H) · ℓ ≤ 1. Hence K X + H cannot be effective.
Under the assumption |K X + H| = ∅, from Lemma 3.1, we infer that p g (S) = 0, and hence χ = 1, which implies that 10χ − u ≤ 9.
